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Integra Calculus

Read this chapter carefully so that you can understand chapters like areas and volumes,

multiple integrals etc. easily.

STANDARD RESULTS

Formula Example
n+l (3/2)+1

J x"dx = X (n#1) J‘Xm __X :sz/z

n+l (3/2)+1 5

n+l P p
J. (ax +b)ndx :M Wheren # _1 j(zx +3)5dX — (2X+3) _ (2X+3)
(n+Da 2x6 12
1
j —dx =logx
X

=—Jlog(ax+b dx =—log(2x+7
'[(ax+b) , log(ax+b) sz+7 S log(2x+7)
J.e"dx =e*
J.eaxdx = le‘”‘

a
J.axdxz a J.SXdX: 5

loga log5

kx

jakxdx S

kloga

jsin x.dx = —cosx

J.cos x.dx =sin x

jtan x.dx =logsecx =—logcosx

j cot x.dx =logsin x

j sec x.dx = log(secx +tan x) = log (g + %j

I cosecx.dx =log(cosecx —cotx) = log. tan%

jsecz x.dx =tan x
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.[ cosec’x.dx = —cot x

jsec X.tan x.dx = secx

I cosecx.cot x.dx = —cosecx

J cosh x.dx = sinh x

jsinh dx =cosh x

[af (x)dx =a[ f(x)dx

jsin 3xdx = —%cos 3x

Example

dx
sin(x —a)sin(x —b)

Integrate J.

Solution

- ‘[ dx
- sin(x —a)sin(x —b)

1 J- sin(b—a)

sin(b—a)* sin(x —a)(sin(x — b)
_ 1 J- sin[(x —a)—(x— b)]dx
sin(b—a) "’ sin(x —a)sin(x —b)
_ 1 J-sin(x —a)cos(x —b)—cos(x —a)sin(x —b) dx
sin(b—a) sin(x —a)sin(x —b)
= m (I cot(x —b)dx — J. cot(x — a)dx)
— 1 (lossin(x—b)—log(x -
R~ (logsin(x —b) —log(x —a))
_ R sin(x —b)
sin(b—a) 8 sin(x —a)
Problem
Integrate
(i) j a®* .dx
Ans: a”
Sloga
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(ii) J.cosz x.dx
Ans: x + sin 2x
2 4
(iii) j sin x".dx
Ans: ———cosx”
T
sin X
iv —dx
) J. sin(x —a)

Ans: tanx - secx
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SOME IMPORTANT RESULTS TO REMEMBER

Formula Example
J- =sin” (Xj——cosl(ij I X _gin X
Ja? a 2-x? \/5
I(XJ X+x>+a’
J. =sinh” =log| ———8
va’ +x’ a
m (H\/xz_aZ]
J —cosh =log
Jx2 a
| dx 1 tan-‘(ij [ dx 1 tan1(x+lj
x’+a’ a a x+1)’+( 27 V2 2
J- dx —Llo (x—aj
x*—a® 2a g X+a
J~ dx —Llo (a+xj
a’-x’> 2a 8 a—x

2

j\/al2 —x%dx =§\/a -X +a?sinh’

)

j\/:dx— X —a’ ——cos ( j

X

2

J.\/x2 +a’.dx

x? +a +—smh ( j

=sec ' x=—cosec'x

J- dx
xvVx® -1

dx
(x+DyJ(x+1)* 1

=sex '(x+1)

J
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Example
Evaluate

. dx

l —_—

@V J.x2+2x+3

(ii) | &
(x +DVx* +2x

Solution

(1) J dx —J. dx —_[ dx —Ltan’l (X—Hj
X +2x+3 (x2+2x+l)+2_ (x+1>+(2)7 V2 2

-]

= dx —sec(x +1)

G | (x+Dy(x+1)* -1

(X+1)\/X +2x (x+1)\/(x +2x+1)-1

Note

If the given expression is such that it can be easily transformed into some standard form, then

transform it and then write the result directly as done in previous example.

AN IMPORTANT TYPE OF INTEGRAL
()j fx )dx—logf(x)

{ ( )}n+1

(i) [{f(0}" £i(x)dx =

(n#-1)

Therefore, integral of a fraction whose numerator is exact differential coefficient of its
denominator is equal to the logarithm of its denominator.

Integrals of tanx, cotx, secx and cosecx can be found from this relation as follows:

(a) Jtan xdx = J SNX 4x = —j X Gx = —logcosx = log(cosx)™' =logsecx
COS X COS X
(b) J cotx = I =logsin x [Numerator is diff coefficient of denominator]
sin x

© Jsec xdx = J- sec(secx +tanx) . _ j sec’ X +sec X tan x

=log(secx +tan x)

secx +tanx secX +tan x

[Here Numerator is diff coefficient of denominator]

cosecx(cosecx +cot x) dx = j —cot X cOs ecX + cosec’X

(d) I cosecdx = j dx

COosecx —cotx Cosecx —cotx
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= log(cosecx —cot x)

(e) _[ cosecxdx = J _dX = I ix "
St X 2sin—cos—
2 2

g . X
Dividing numerator and denominator by cos’ (Ej , we have,

X

f secz(zjdx ;secz(x/2)

g
2] wl2)

1 X ). . . . . X
Here numerator (5 sec? Ej is the exact differential coefficient of the denominator (tan Ej .

j cosecxdx = dx

j cosecxdx = log tan%

T T X X
secxdx = | cosecx| —+x |dx =logtan| —+— because | cosecxdx = logtan —
ol J (2 j s (4 2) ( J s 2)

Example

Integrate

(i) [
1+x

.. X+ (cos™ 3x)’
G o

Solution

dx

tan™' x

() I=[Z—dx

1+x°

1
1+x

Put tan'x =t — dx =dt

2
I:J‘etdt :et :etan’lx

-1 2
dx +1J- (cos™ 3x)°.3dx
3 1

(i) 1=[-——
\J1-9x* \J1-9x*

_ -1 2
:_LI 18x dx "'lj (cos™ 3x)°.3dx
18 3 1

J1-9x%x2 J1-9x%2
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Put1-9x>=tand cos'3x=u

-18x dx = dt and _—3dx =du

J1-9%x2

I:_LIE_lIuZdu _ _lij‘tl/zdt_%u?}

1 VR | (cos™' 3x)’
SV S Y I S CLL L
9 9 9 9

The above type of problems fall under the method of integration by substitution. In which a change in

the variable of integration often reduces an integral to one of the standard forms. Thus, the given
integral can be evaluated with the help of the substitution of a new variable.

INTEGRATION BY PARTS

If fi(x) and f,5(x) are two functions of “x”, then the integral of their product may be given as
follows:

Integral of the product of two functions

First function x integral of second - Integral of[ Diff. coeff. of first x Integral of second]i.e.
j £ (x).£,(x).dx =T, (x).j f,(x)dx — j [, (x).j f,(x)dx]dx
Example
[ xsin xdx = (x) [ sin xdx - j(di(x). [ sin xdx]dx
X

=x(—cosX)— J. 1.(—cosx)dx

=—XCOSX +SinXx

Integration of the function with the help of above rule is called integration by parts.

NOTE
If the integrand is a product of the positive integral power of x and either a

exponential or logarithm or a trigonometric function, the function which is easy to
integrate should be taken as second function.

If there is only function whose integral is not known, multiply it by one and take one
as the second function.

If the integrals of both the functions are known, the function which is easy to integrate

1s taken as the second function.

Rule can be applied repeatedly to evaluate the integral.
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Integrate

log(1+x)

W | (2x +1)’

(ii) J.tan’1 xdx

Solution
. log(1+X)
O 1= oG (2x +1)
-1
= 10g(1+x).(2x+1) +J. ! . ! dx
-2 1+x —2(2x +1)

_ _log(l+x)+lj- dx
22x+1) 29 (x+D)(2x+1)

log(1+x)+l“-( -1 N 2 jx
22x+1) 29\ x+1 2x+1

——log(x +1) +—log(2x +1)

22x+1) 2

1{ log(x+1) N log(x +1)
2x+1)  (2x+1)

(ii) j tan~ xdx = j tan~' x.1.dx

= tan XX—I

= Xtan X——J‘

! x.dx

1+x?

1+ x?

= xtan"' X —%log(l +x%)

Problem

Evaluate

) [xsin”xdx

Ans: 1 x2sin” x +=/1-x2 —lsin'1 X
2 2 2
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.. X +8in x
(ii) j—dx

I+cosx

Ans: xtan(x/2)

. X X

X 4sin x X+2SIHECOSE 1

g (XX g p2 "2 21
I+cosx 2cos’(x/2) 2

Ixsecz %dx+Jtan%dx

Integrate the first integral on RHS by parts.
THREE STANDARD FORMS

To integrate
) [ai-xPdx
(i) [Vai-x*
(i) x’—a’
Solution
) [Va'-x'dx=[va® +x*.1dx
Integrating by parts taking m as the first function

2 2 1 2 2\1/2
= -X Xx—|=(@" - -2x).x.d
Vva'—-x"x J.z(a x7)' 7 (—2x).x.dx

xval—x? +

X2
e

2 2 2
> 2 r—(a —-x")+a
a —x

= x+y/a? —x? —j\/az—xz.dx+a

2 1 d

X
xJa? —x2 —j\/az —x?dx+a’sin'=
a

2J. Va’—x*.dx =x+a’—x* +a’sin™ X [Transposing]

a

2

I\/az —x*dx = %\/a2 -x’ +%sin’l x [Result]

a

Other two integrals, i.e. j\/az +x*.dx and J Vx’ —a’dx may be similarly found out. The

results are as follows:
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(a2 2 2
(i1) J‘\/a2 +x° = %+%sin’l x [Form I]
a
xva’+x® a’, x++ia’+x’
B e [Form I1]
. X X ++va’ +x’
osinT —=log—————
a a
2 2 2
(iif) [Vx+atax =T ““2“‘ +a7cosh’l X [Form I]
a
X\/Xz—a2 a2 X+\/X2—az
i e [Form II]
i X +yx*-a’
cos” —= 1 g ———

Problem

2 —
Evaluate jﬂ dx

V1=x?
[ 2
Ans: %sin'1 X +241—-x* —XIT_X

Hint: x> —2x+3=4-2x—(1-x%)
INTEGRATION OF RATIONAL ALGEBRAIC FUNCTIONS

To evaluate integrals of J. type, first complete the square in the denominator. For

ax’ +bx +c
this, first make the coefficient of x> unity. Then add and subtract square of half the coefficient

[T 1)

of “x”, i.e. put the denominator in the form a{(x + o)’ +B°} and then integrate.

Three standard forms which are used in such types of problems are:

dx 1 X—a
i =—1Ilo
® J.x2—a2 2a  x+a
dx 1 a+x
il =—1Ilo
@ J. *-x’ 2a ga—x
i) | & DX
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Example
Solve sz—x
3x°+6x+21
Solution
ZEJ.XZ +2x+7

:_J- dx
39 (x> +2x+1)+7-1
__Jd—x

3 (x+1) + (+f6)

_ 1 tan”! (x+lj
36 Je6
Note

pxX+q

For integration of the type , break the given fraction into two fractions such that in one

ax’ +bx +c
of them numerator is the diff. coeff. of the denominator and in the other numerator is only a constant.
This would become quite clear from the example given below.

Example
Evaluate J-Sx——22
1+2x+3x
Solution
5 11
(5/6)(6x+2)-2—= (5/6)(6x+2)——
I—J. 2dx—.[ 3 dx
- 2 - 2 :
3x"+2x+1 3x°+2x+1
__J~ 6x+2 11 dx
3x? +2x+1 x> +(2/3)x+(1/3)
= §log(3xz+2x+1)—£jd—x2
6 9 ( 1) 2
X+—| +=
3 9
5 11 dx
= Zlog(3x* +2x+1)—-—.9
5 o e I(3x+1)2+(\5)2

|

log(3x* +2x +1)— AL tan”' (Mj

32 J2
1142
6

W

= Zlog(3x* +2x+1)— tan”'[(3x +1)/~/2]

(o)
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INTEGRATION BY PARTIAL FRACTIONS

Casell

When factors of denominator are all of the first degree and each occurring once only, then

assume a fraction of the form

for each factor of the form ax+b, as explained in

ax+b

following example.

Example

Evaluate IX—HdX

x(x—-1)(x+2)
Solution
x+1 A B C
x(x-D(x+2) x x-1 x+2

Multiplying both sides by L.C.M., we have
x+1=Ax-D)(x+2)+Bx(x+2)+Cx(x—1)

Now Putx=0,1,-2

Whenx =0, A=-1/2

Whenx=1,B=2/3

Whenx=-2,C=-1/6

oox+ vt 2
X(X—l)(X+2)_ 2x  3(x-1) 6(x+2)

_f x+1 dx 1 pdx % dx 1 dx
x(x-1)(x+2) 29 x 3x-1 6)x+2

Case ll

When factors of denominator are all of first degree but some factors of the form ax+b are
repeated “r” times in the denominator, then partial fractions are

Al A2 Ar
+ >+ —
ax+b (ax+Db) (ax+b)

The above details will be clear from the following example.

Example

x?+x+1

Evaluate J.— X
(x-1)*(x-2)
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Solution

X +x+1 A B C
Let =

(x-1)*(x=2) (x-1) " (x—1)° X2
Multiplying both sides by L.C.M., we have

X +x+1=A-1D)x-2)+B(x-2)+C(x-1)*.... (D
Putting x = 1,2 we get

B=-3andC=7
Now equating coeff. of x* on both sides of (1), we get
A+C=lorA+7=10orA=-6

dx
I:_6~[x - J.(x 1)? J.x—2

—6log(x—1)— 3( 1J+7log(x 2)

—6log(x—1) +i1+ 7log(x—2)
X_

Case lll

Whenever the denominator contains some quadratic factors which can not be factorised
further, then for each factor of the form ax’ + bx + ¢ in the denominator, we suppose a

Ax+B

fraction of the form ————, which would become clear from following example.

ax" +bx+c

Example

Evaluate Imdx

Solution

Let X dx = A Bx+C

(x—=1)(x*+4) X—1+ x*+4

Multiplying both sides by L.C.M., we get
x=A(x’+4)+(Bx+C)(x—-1)

Putting, x = 1

We get A=1/5

Equating the coefficient of x* and constant terms on both sides, we get

0=A+B—>B=-1/5
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and 0=4A-C—>C=4A=4/5
X B 1 _X- 4
(x— 1)()(2 +4) 5(x-1) S(X2 +4)

j x—4 <
(x— 1) 53x7+4

J‘(x 1)(x +4)

1 X 4
= —log(x—-1)—— dx +— dx
5 gx=1) jx +4 5"-X2 +4
1 1 2x 4
= —log(x—-1)—— dx +—
5 & ) 109 x*+4 SJ.X2+4
1 X
= —log(x —1 ——10 X +4 +—ta =
s g(x-1) 10 g(x* +4) 5 2
Problem
Evaluate
. 3x.dx
W

(x=D(x-2)(x~3)

Ans: %log(x -1 —6log(x—2)+ % log(x —3)

(ii) J- x*dx

x> +7x+10
Ans: X +§log(x + 2)—?log(x +5)

J‘ 3x+2
x+1)*(x-2)

Note
Sometimes, the working can be considerably reduced by using first a suitable substitution.

e If the problem is a function of €%, pute* =y
e [f either numerator or denominator contains only odd powers of “x” while all the remaining
terms are of even powers of “x”, then put x> =y.

e Ifintegral is of the form I —, putx"=y.

x(x" +1)

The above three points would be cleared in following three examples one by one.
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Example
Evaluate
. dx
W J. e -1
2x
.. d
@ | XD +3)
Solution
. dx
1 1=
@ -[ e’ -1
Pute®*=y .. e'dx =dy
:J‘ _J‘ c dX _J‘
e* (e’ -1 y(l
o LA, B

yd-y) y 1-y
1=A(l -y)+By

Puttingy=0,1. Weget A=1and B=1

I:I{1+L}dyzlogy—log(l—y)=log{ Y } log{ © }
y l-y -y 1-¢*

. B X
G 1= TS

Putx*=y s 2xdx =dy

dy
Joee
1 __A B
(y+D(y+3) y+1 y+3
1/2and B=-1/2

Solving A =

y+1 y+3

= _J.{———} dy = %[log(er D) —log(y+ 3)]

y+1 1
= log| = | =21
Og{yﬂ} 2%{
(iii) 1=j dx

x(x*+1)

x? +1
x2+3
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Put x* =y — 4x’dx = dy or x’ dx = dy/4

I_I x*dx _J- dy _lJ- dy
X4(X4 +1) 4y(y+1) 47 y(y+1D
1 A B

yiy+D) y y+l
Solving A=1and B=-1

4
[l === |dy =L 1og| 2| = L1og| =
y y+l1 y y+1 y X +1

SOME IMPORTANT TYPES OF INTEGRALS
In the examples given in following article, we would see how to solve the integrals of the
type.

Let

) x*+1
i —d
@ 'fx4+kx2+l *
.. x? =1
11 ——dx
(it) J.x“+kx2+1
ax’ +b
I P T
Example
Solve
x*+1
i dx
W J.x4+1

i | Sl S

xt+x?+1

Solution

. x> +1
(i) 1=jx4+ldx

Dividing numerator and denominator by x%, we get

(1+12j
N X ix

Ij(l+—lejdxj

2 1 2
X'+ (x—j +2
X X
1 1
Put x——=y .. |l+— [dx=dy
X X
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_jy 2l +(Xf> %ml(%j

(i)

Dividing numerator and denominator by x*, we get

2
X2+L2 (x—lj -2
X X
1 1
Put x+—=y .'.(1——2jdX:dy
X X
1= dy ! y-ﬁ {-'f—zdx ; =ilogx_1}
y: - (+/2) 2\/_ y+\/§ x*—a’® 2a  x+a

1
_ 1y X*;‘ﬁ 1y x> —2x +1
W2 i | 2 e
X
INTEGRATION OF IRRATIONAL ALGEBRAIC FUNCTIONS

To integrate a rational function of x and a linear surd of the type (ax+b)1/ " where n is some

positive integer, put (ax+b)"" =

To integrate a rational function of “x” and a surd of the type ax +b , put ax +b =t
cx+d cx+d

Example

Evaluate

® -fj 2-X *

(i) jli&dx

SECOND FLOOR, SULTAN TOWER, ROORKEE — 247667 UTTARAKHAND  PH: (01332) 266328 Web: www.amiestudycircle.com  16/35



m STUDY CIRCLE(REGD.)
ENGINEERING MATHEMATICS

INTEGRAL CALCULUS | A  Focused Approach Pk b
Solution
2
i I= X
(i) ) -

Let,/x_lzto X~ 1—t2
2—-X 2—-X

Hence x =[(1+2t%)/(1+1t%)]

Hence dx =[(1+t%).4t—(1+2t%).2t/(1-t*)*]dt

4t—-46°-2t—46% ) 2tdt
(1+t%)° (1+t%)°

HenceI—J. ,/ —J.O(l t)

[because when x = 1 then t = 0 and when x = 2 then t = 0]

Lett=tan® .. dt=sec’0 do

2 2
L 1=2f ”wdezzj " sin 0d0
0 sec’ 0 0

[because when t= 0 then 6 = 0 and when t = oo then 0 = 7/2]

n/2
=j“[l—cosze]dez‘e—smze I
0 . )
1/4
(i1) 1= dx
J.1+\/§
Let x" =t Hence x = t* or dx = 4t3dt
4 3
2 tzdt = (t2—1+ 21 jdt=4 t——t+tan’1t
1+t t"+1 t°+1 3

gﬁ —4t+4tan” t=g(x”4) —4(x"*)+4tan”' (x""")

Note

To integrate vax” +bx +c or 1/+/ax” +bx +c , complete the square and bring the expression

in any of the following standard forms like

1
e [ e [N = st [t [
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Example
Solve

(i) J‘«/x(l—x)dx
.. dx
G iy ey e

Solution
. . 1 (, 1 1Y 1Y
(1) Izjxlx—x dx:J. —— X =x+— dX=I —| | x—=|dx
4 4 2 2
This is in the standard form of I Var —x*dx

.—.1:(2x_lj\/(1j —(x—lj +Lgin(2x-1)
4 2 2) '8

) dx dx
I= -
W I\/XB—XZ—GB+XG J.\/—XZJF(OHB)X_OLB

dx dx

T o o)) 7]

dx
This is in standard form of j—
/az _x?

_otB
2
a-p

[=sin™
2

Note

€,

: . : 1 :
To integrate the expressions like J Xy dx ,where X and Y are functions of “x”, we must

perform following substitutions:

(1) If X and Y both are of first degree, i.e. linear, then put VY =t.
(i1) If X is linear, Y quadratic, then put X = 1/t

(ii)If X is quadratic, Y linear, then put VY =t

(iv)If X and Y are both quadratic, put V(Y/X) =t
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Solve

() J- dx

(x+2)vx+3

. dx
L by e

Solution

. dx
i [=|——F——
® ‘[(X+2)\/X+3
Here (x+2) and (x+3) are both linear, hence

Put Vx+3 =t

x +3 =1 or dx = 2t.dt

_ J‘ 2tdt

-3+ 2)t

2dt

2dt
gl

1 1
s
(t+D(t-1) t—-1 t+1

Vvx+3-1

t—1
log(t—1)—log(t+1)=log| — |=log——
g(t=D g(t+D g(t+1j gMH

(i) 1=j—2JC:‘_2
X —X

Here, x* and (4 - x%) both are quadratic, hence

4-x>

2

Let

or X =

2

X =

t2+1

=t or

=2 +1)"

dx = 2(—lj(t2 +1) T x2t= 2t
2

(t2 + 1)3/2
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4 4 +4-4 48

t2+1 t?+1 t2+1

2t dt 1 1 1| V4-x>
I=]- X =——|dt=—-t=—
I(t2+1)3/2 4 2t 4J. 4 4{ X ]
1 41

INTEGRATION OF TRIGONOMETRIC FUNCTIONS

Now, 4-x’=4-

To evaluate J.sinm x cos” xdx

(1) If “m” is odd, put cosx = t. If “n” is odd put sinx = t. If both “m” and “n” are odd, then
put either cosx or sinx equal to “t”, and integrate.

(i1)) When (m + n) is a negative even integer, then express the given integral as the
product of powers of tanxsecx and put tanx =t.

(ii))If “m” and “n” are small even integers then express sin"xcos"x in terms of multiples
of angles.

Example

Solve 1= Isinz x cos® x.dx

Solution

Here power of cosx is 7, which is odd.

Let sinx =t — cosx.dx = dt
I= J.sin2 x.cos’ X.cos xdx = jsinz x(1—sin” x)’ cos xdx
= [CO-)dt=[0-3C+3t" +t*)dt

3 5 7 9
= f(t3 _ 3t 43t _tx)dtzt__3L+3L_t_
3 5 7 9

.3 3 .5 3 .7 .9
SiIn” X ——S1m" X+—sIn’ X——SsIn" X
5 7 9

Note
dx

For integrals of the types (i) I

11)I il I -
+bsmx a+bcosx a+bsinx +cosx

. . 2tan(x/2) 1—tan’(x/2)
First put sinx = fand COSX = ————=
1+tan"(x/2) I+tan”(x/2)

and then put tan(x/2) ='t.
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Example
Solve
. dx
® '[ a+bsinx
. dx
(i) J. 2 +sin 2x
Solution
. dx dx
) I=[————=]
a+bsinx 2tan(x/2)
at+bl ————"—
1+tan"(x/2)

Now, Let tan(x/2) =t or %sec2 (%) dx =dt

<= 2dt 2dt _2dt
sec’(x/2) l+tan’(x/2) 1+t
2dt
dx 1+t
[= =
Ia 2bt Iat2+2bt+a
1+t 1+t
_ dt 2 dt
_2J.at2+2bt+a_g 2b
P+ t+1
a
_ EJ‘ dt _%J- dt
a’(, 2b. b b> a b) a’-b’
T+ —t+— [+1-— t +—
a a a a a
Now, there are three possibilities.
Casel:a>b
2 dt
IZEJ. b 2 a? —b? :
[Hj S| Y2t
a a
a at+b

2
-

2

Va’-b?

tan’l (—

atan(x/2)+Db

- \/212—b2

Casell:a<borb>a

\/az—b2
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I:%J' 2dt
a [ b] b* —a’
t+— | +——
a a
=2 dt
2
a 2 I 2,2
(t+b) +[ba\]
a a
b b’ —a’
t——
a 2b*-a’ b +b?-a’
t+—+
a a
_ 1 log atan(x/2)+b-+b>—a’
\/bz—a2 atan(x/2)+b+\/b2—a2
Caselll:a=b
-1
EJ- dtzzzj(t—l)’z.dt=z.(t+l) _ 2 _ 2
a’ (t+1)” a a -1 a(t+1) a(tan(x/2)+1)
.. dx dx
() I=[——=]
2 +sin2x 5 ( 2 tan x ]
o
1+tan” x
Let, tanx = t or sec’x.dx = dt
dt
1+t L dt
I: = —
j 242t +2t 2'[t2+t+1
1+t
dt

J

2tanx +1

NG

[

(222511
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For integrals of the types

dx
a+bsin’x

O
J
J

J

dx
a+bcos’x

dx
2 2 2
acos” X+bsin” x

dx
(acosx +bsinx)’

(ii)

(iii)

(iv)

m STUDY CIRCLE(REGD.)
| A Focused Approach > >

Divide numerator and denominator by cos’x, and put tanx = t.

Example

dx

Sol _—
ove -[1+3sinzx

Solution

dx

dx

IZI - 2 2 2 - 2 2
sin” X +cos” X +3sin” X 4sin” X +cos” X

e . 2
Now, dividing numerator and denominator by cos“x, we get

sec” xdx
4tan* x +1

= el

Put 2tanx =t .. 2sec’xdx = dt

. asinx +bcosx
To integrate J.—dx

csinx +dcosx

I =—t an”'t= 1tan’l(‘[anx)
t*+1 2

Put the numerator = A(denominator) + B(Diff. coefficient of denominator).

Example
Solve
sin X + 8 cos x

7 ——dx

® J.2sinx+3cosx

.. dx

il _—

(i) J.a +btan x
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Solution

(1) Let, sinx + 8cosx = A(2sinx + 3cosx) + B(2cosx - 3sinx)
Equating coefficients of sinx and cosx, we get,
2A-3B=1 or 2A-3B-1=0
and
3A+2B=8 or 3A+2B-8=0
%:%:% —>A=2andB=1

sinx + 8cosx = 2(2sinx+3cosx) + 1(2cosx - 3sinx)

I:2IdX+IMdX:2X+log(2sinx+3cosx)

2sin X +3cos X

. dx cos x.dx )
11 1= = i
(i1) Jla+btanx J-acosx+bsinx M

Now, let cosx = A(acosx + bsinx) + B(-asinx + bcosx) (i1)

Equating the coefficients of cosx and sinx, we have

1=Aa+Bb (iii)
0=Ab-Bb (iv)
Solving, we get
a’ b
A= and B=
a’+b? a’+b’

from (i1), we have

cosX =————(acosx +bsinx)+———(-asinx +bcosx)
a“+b a“+b

.. From (i), we get

a . b .
— 5 (acosx+bsinx)+————(-asinx +bcosx)
a“+b

1= a’
acosx+bsinx
a’ b —asin X +bcosx
= 2J-dx+ — - dx
a“+b a~+b acosx+bsinx

= b ~log(acosx +bsinx)

a’+b*> a’+b
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Problems

Evaluate

(i) sin’ x cos® xdx

Ans: —cos’x/5+2cos’ x/7—cos’ x/9

dx
5+4cosx

Ans: gtan’1 (tan x/ 2]
3 3

(i) |

dx
3cosx—4sinx+5

ns: _
2 —tan(x/2)

(iii) J.

Hint: Put tan(x/2) =t so that dx = lz—dtz;co

+1 1+t 1+t

REDUCTION FORMULA

In this method, we go on reducing the power till we get a power whose integral is known or
which can be integrated easily. reduction formula is generally obtained by the method of
integration by parts.

Reduction Formula for Isin“ x.dx
I= Isin“ x.dx = J.sin“’l x sin xdx
Now integrating by parts, we get

I=sin"" x(~cosx)— I (n—1)sin" x cos x(—cos x)dx

= —sin""' xcosx +(n — 1)I sin"" x cos” xdx

= —sin""' xcosx +(n— l)J. sin" x(1—sin” x)dx

I=—sin"" xcosx+(n— I)J. sin" xdx — (n — l)Jl sin” xdx

Or I+(n-1)I=-sin"" xcosx+(n— 1)J sin"~ xdx
Or nl =—sin"" xcosx +(n— I)I sin"~ xdx
I:_sm "X cosx (n DJSII’I xdx

n
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Note: Reduction formula for J.cosn x.dx may also be found out by following the above

procedure. The result comes as,

n-1 .
cos"” X.sinx
J.cosn xdx =

+ (n—1) J-cos“’2 dx.dx
n n

Reduction Formula for J.tan“ xdx
I= J.tan" dx = J.tan“’2 x tan? xdx
= J tan"" x(sec” x —1)dx

= _[‘[an“’2 x.sec’ x.dx —_[tam“’2 x.dx

Note: Reduction formula for _fcot“ x.dx may also be found out by following the above

procedure. The result comes as,

cot" x
Icot" xdx =— —J.co‘[“’2 x.dx

n-—1

Reduction Formula for Isec“ x.dx
I= J.sec“ xdx = Isec“’2 x.sec’ x.dx

Integrating by parts, we have

I=sec"*xtanx —(n— 2)_[ sec”” x(sec X tan x) tan xdx

=sec"*xtanx —(n— Z)J. sec"” x(sec’ x —1)dx

sec" > X tan X +(n — 2).[ sec"?x —(n— 2)I sec” xdx

Or I=sec"*xtanx +(n— Z)J. sec” > xdx — (n—2)I
Or I(n—1)=sec" > xtanx + (n — 2)‘[ sec"” x.dx
n-2 _
Or =X X fan x + 2 2 Jsec“’2 x.dx
n-1 n-1
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Note:

Reduction formula of J.cos ecx"xdx may also be easily found out by following the above

procedure. The result comes as,

cosec"*x.cot X N n-2

jcos ec" ?x.dx

Icos ec"xdx =—

n-1 n-1

Example

Evaluate

(i) J.siné x.dx

(ii) J.tan4 X

Solution
-5
(i) I= Jsiné xdx = —% +% sin* xdx (By applying reduction formula)
sin’ xcosx 5| —cosxsin’x 3¢ .,
= - +— +—js1n x.dx
6 6 4 4
sinxcosx 5 . 3 5 1-cos2x
= ——————————cosxsin’ x +—j—dx
6 24 8 2
sinxcosx 5 . 3 5 5 .
= ————————Cc0sXsin” X + —X ——sin 2x
6 24 16
sin’ xcosx 5 . 3 5 5 .
= ———————————C0SXSin" X+—X ——SiNn X cos X
6 24 16 16
3
(ii) I= Itan“ X = tar; x_ j tan” x.dx [By reduction formula]

tan’ t
an x _\fanx —J.tanz’2 xdx
3 1

3
= tan3 X —[tanx —x]
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Remember the following values:

A n/2 i /2 0
(1) .[0 sin x.dx:j0 cos” x.dx

_ (n=Dn-3)(n-53) il (when n is even)
n(n-2)(n-4) 2

_ (n=Dn-3)(n=5) (No 7/2 when n is odd)
n(n—-2)(n—4)

[(n-D(m-3)m-5). ][0 -DHn-3)] =

(m+n)(m+n-2)(m+n-4)

.. n/2
(i1) J.O sin™ x cos™ x.dx =

(If “n” is even)

[(m —D(m-3)(m-— 5)....] [(n —1I)(n-3)(n- 5)]

(m+n)(m+n-2)(m+n-4)

n/2 m n
IO sin™ x cos" x.dx =

(If “n” is odd)

Reduction Formula for .[sinm x.cos" x.dx
jsin“ x cos” xdx = j[sin“ x cos"' x]cos x.dx
Integrating by parts, we have
[ =sin™ xcos"" x(sinx)— J. {msin™" x cosx cos" ™" x +sin™ x(n —1)cos" > x(—sin x)} sin xdx
I=sin™"xcos" " x — J[m sin™ x cos" x —(n—1)sin™" x cos"* xJdx
= sin™' x cos"' x — mJ. sin™ x cos" xdx +(n — l)f sin™ x cos"™ x(1—cos” x)dx

m+1

= sin™" xcos""' x — m_[ sin™ x cos”" x.dx + (n— 1)I sin™ xcos"? x —(n — I)I sin™ x cos” xdx

<. (m+n)l=sin™" x.cos"" x +(n - 1).[ sin™ x cos" ™ xdx

s m+l n-1
. sin"” xcos" x n-—1 ¢ . _
L I= J.sm'“ x cos" xdx = + J.sm’“ x.cos" 2 x.dx

m+n m+n

Reduction Formula for jcosm X cos nxdx

In integrating by parts, we have

cos™ x sin nx sin nx

dx

I= jcosm x cosnxdx = —J‘mcosm’l x(—sin x).

n
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cos™ xsinnx m nl s
= ————+—|cos" xsinnx.dx
n n

We know that

cos(n—1)X = cosnx cos X —sin nx sin X
sinnx sin X = cos(n —1)X —cos nx cos X

m :
cos" xsinx m _
J.cosm x cos nx.dx = ——————+— | cos™" x{cos(n —1)x —cos nx cos x }dx
n n

N
cos" xsinnx m _ m

= 4+ |cos™" xcos(n—1)xdx —— J cos™ x cos nxdx
n n n

m
m cos” xsinnx m »

(l + —j j cos" xcosnx.dx =——+—| cos™ " xcos(n—1)x.dx
n n n

cos™ x sin nx N m

Icosm x cosnx.dx = J.cosm’l x cos(n —1)x.dx

m+n m+n

_ cos™ xsinx N m

Or Imn Im—ln—l
’ m+n m+n ’
Example
Solve
. n2 Ly, 3xI m 3m
i sin"xdx =——.—=—
® J.O 4x2 2 16

(ii) J.msin(’ x cos® xdx = (Ox3xD3xD) = _ 37
0 10x8x6x4x2 2 512

Example
Evaluate J': x*V4x —x?.dx
Solution

1= I: x’V4x —x*.dx = Jj x"* 4 -x.dx
Put, x =4sin’0 . dx =4(2sinBcos)dO = 8sinB.cosH.dO

I:IOT[/Z (4sin’ eyum.@sin 0.cos0)do

= (4)7/2.16J.()T[/2sin8 Bcos’ 0.d0

o (7x5x3xDx1 m _

. — =567
10x8x6x4x2 2

=@
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Example

/2 .
If 1= JO x"sinx.dx and n>1, show that

T

n-1
[ +n(n-1DI _,=n (5]

Solution

Integrating by parts, we have

I=x"(-cosx) —Jnx"" (—cosx)dx

= —x"COSX + nI x" cos x.dx

/2

I = [—x“ cos x]

n

/2 n—1
+ nj x"dx
0 0

Il
(e
+
=]

[(x“"1 sin x) n:— J:u (n—2)x""sin xdx}

n-1
— E _ _ n/2 n-2 _:
= n(zj n(n 1).[0 x"".sin x.dx
. n-1
= n(zj -n(n-DI_,

n-1
[, +n(n-1DI, _,=n [gj

Problem

/2
If1 = jo x.cox"x.dx, prove that

-1 1
I, = n—In_2 —— . Hence evaluate 1.
n n
3nt 1

Answer: — ——
4

1
Hint: 12 = —?4‘510
2

I, = .[On/zx.dx = %
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DEFINITE INTEGRALS

If diF(x) =f(x), then the definite integral of f(x) between the limits x = a and x = b is
X

defined as | f(x)dx = |F(x)| " _F(b)-F(a)

Example

Properties of Definite Integrals

S.No. Property Explanation/Example

I [ £0dx =" £(x).dx

2. b _ That is, limits change
.L fx)dx = .L f(t)dt accordingly ~ with  the

substitute “t”, which is
substituted in place of “x”.
Also, “dt” replaces “dx”.
The wvalue of “dt” is
obtained by differentiating

“7 wart. “x”.
3. [T£e0dx = [ fods+ [ F(dx, if a<e<b
4. [[£G0.dx = [ fa—x)dx [ sin” x.dx
0 ’ 0 ) 0 )
= J.m sin” (E - xj.dx
0 2
/2
= J. cos" xdx
0
5. (1) f(x) is an odd function if

Jla f(x)dx =0, when f(x) is odd function f(x) = -f(x). For example,

a a . sin(-x) = -sinx, hence sinx
J_ f(x)dx = 2.[0 f(x)dx, when f(x) is an even | ;¢ 5dd function.
function.

(i1) f(x) is an even function
if f(-x) = f(x). For example,
cos(-x) = cosx, hence cosx
is an even function.

j;a f(x).dx =2 jo f(x).dx, if f(2a-x) = f(x)

joza f(x).dx = 0, if f(2a-x) = -f(x)
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Example

Evaluate

L2 sin X
i J- dx

0 sinX+coSX

(ii) '[On/zlog(sin x)dx [Very Important]

Lo xdx
11l _
(i) IO a’—cos’ x
Solution
(i) 1= ax
0 sinXx+cosx
sin(n—xjdx
n/2 2 .
= I [Using property 4]
0 . (T i
sin| ——Xx |+cos| ——x
(5-=)rel3-)
_ J~n/2 cosx- dx
0 cosx+sinXx
Hence
2I:J~n/2s%nx+cosx'dX _ J~n/2dX:|Xn/2 _r
0 sinX+4CcosX 0 0
.. /2 .
(i1) I:.[o log(sin x)
/2 (T )
= JO logsm[z—x].dx [Using property 4]
/2
=JO log cos x.dx
Hence

2= Jom (logsinx +logcos x).dx

n/2 .
= jo log sin x.cos x.dx

_ J-n/zlog(Zsm X.COS dex
0 2
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_ 11:/21 . D) r[/21 2d
—L 0g.sin X—IO og2.dx

/2
=1, —log2J‘0 dx

/2
0

= Il—log2.|x
T
= 11_510g2

Letus find I, = J.on/z logsin 2x.dx

Put2x =t S2dx=dt ordx=dt/2
When x=0,t=0
When x=7/2,t=mn

Hence

1 T . 1 /2 . .
I, = EIO logsint.dt = 5.2'[0 log.sin t.dt [Using property 2]

= In/zlog sint.dt = In/zlog sinx.dx =1
. .sint. . . .

Hence 21 =1 - (1/2).log2
or [=-(n/2) log2

~  xdx = (m—x)dx
(iii) I= 5 —= > >
0a"—cos"x ‘0 a’—cos’(m—x)
_ o~ mdx 1
0 a® —cos’x
= ndx et omdx

0 a? —cos’x 0 a?—cos’x

g . 2
Dividing numerator and denominator by cos’x, we get

- w2 sec” x.dx 2 sec” xdx
- nJ.O 2 2 - TCL 2 2 2 2
a“(I+tan" x)—1 (a°—1)"+a"tan" x

Put atanx =t - sec’x.dx = dt/a
when x=0,t=0
when X=T/2,t=00

T (o dt T 1 O t )
IZ_I — 5 =—-—7—| tan
a’ (@’ -D+t° a a>-1 a’-1] ),
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[tan’1 o —tan™' O] =

T T
ava’—1 a\/az—l.2

2
T

2ava’ -1

Example

Show that || xf(sinx)dx = [ f(sin x)dx

Solution
Let 1= jo" xf(sin x)dx (1)
Then 1= jo" (m—x)f[sin(t—x)]dx = jo“ (m—x)f(sin x)dx 2)
Adding (1) and (2)

20 = jo“ nf (sin x)dx
or I= gj.on f(sin x)dx

Here f{(sinx) = f[sin(n-x)]

T (/2 . n/2 .
I= 2.5‘[0 f(sinx)dx = tho f(sinx)dx
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ASSIGNMENT

Q.1. (AMIE S09, 11, W09, 8 marks): If [, = J.COS'" xsin nxdx , prove that

m
COS XCoSnx m
Im.n == + Im—l,n—l

m+n m+n

Hence or otherwise, evaluate

/2 5 .
IO cos’ xsin 3xdx

1
Q.2. (AMIE W09, 4 marks): Obtain the reduction formula for Io x"(1—x)"dx

m+1

X n
Answer: ]mn ——(l—x)” +—
m+n+1 m+n+1

m,n—1

Q.3. (AMIE W09, 8 marks): Verify whether the two integrals

11:.[01de.0 . by

(x+y)

and I, = J. .[0 n y dx are equal.

(For online support such as eBooks, video lectures, unsolved papers, quiz, test series and
course updates, visit www.amiestudycircle.com)
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